
航測及遙測學刊  第十九卷  第 2期  第 93-106頁  民國 103年 12月                                                  93 

Journal of Photogrammetry and Remote Sensing 

Volume19, No2, December 2014, pp. 93-106 

1 
Assistant Professor, Department of Environmental Information and Engineering             Received Date: Feb. 26, 2013 

2 
National Defense University                                                 Revised Date: Nov. 10, 2013 

2 Professor, School of Civil Engineering and Geosciences, Newcastle University,                               Accepted Date: Nov. 25, 2013 
3 Newcastle upon Tyne 
3 Assistant Researcher, Information & Communication Research Division, Chunf-Shan Institute of Science & Technology 
*.
Corresponding Author, Phone: 886-3-3800364 ext. 135, E-mail: yuching.ncl@gmail.com 

Reliability Assessment of Gaussian Estimates Derived 

from Small-footprint Waveform Lidar 

Yu-Ching Lin 
1*

  Jon P. Mills 
2
  Chun-Lin Lin 

3
  

ABSTRACT 

The Gaussian decomposition technique has to date played an important role in processing both 

large- and small-footprint lidar waveforms. When fitting Gaussian functions to received waveforms or 

the surface response estimated by a deconvolution process, Gaussian coefficients for each detected 

return can be estimated. These are the temporal position of the Gaussian peak, pulse width and 

amplitude, which indicate feature characteristics. However, in some circumstance, the estimates may 

not be fully certain. Little attention has been paid to assessing the reliability or uncertainty of Gaussian 

estimates. It is necessary to take such indicators into account when application of multiple waveform 

features is attempted. This study aims to fill this research gap. Whether the reliability of the estimates 

is affected by the complexity of the waveform shape was investigated. Waveform data collected from 

simulation experiment and a Riegl LMS-Q560 field campaign was analyzed. Several targets were 

designed and set in the field to observe how the shape of waveforms varies with the separation 

distance between two returns and their amplitude magnitude. It was found that the RMSE values for 

the pulse width estimates based on data simulation were increasingly large when the separation 

distance was decreased (< 6 ns). The RMSE values for the range estimates based on data simulation 

remained consistently small (~ 0.04 ns) when decreasing the separation distance. 
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1. Introduction 

Airborne lidar has developed rapidly to 

become the technique of choice for 

high-resolution 3D model or bare-terrain 

generation. Over the past two decades, the 

majority of Airborne lidar systems in 

commercially operation are small-footprint, 

discrete-return. Latest generation full-waveform 

lidar systems that store the entire waveform of 

each received laser pulse have increasingly 

available, for example, Leica ALS60, Riegl 

LMS-Q680i and Optech ALTM Pegasus HD400. 

There has been increasing interest in 

maximizing the potential of waveform data. 

Overall, there are two main research interests: 

echo detection and the extraction of waveform 

information. 

Waveform data offer users a significant 

opportunity to apply their own pulse detection 

methods to overcome the shortcomings of those 

typically used in discrete-return systems. The 

Gaussian decomposition technique has to date 

played an important role in processing laser 

waveforms. It has been widely applied to several 

large-footprint waveform systems for range 

estimation, such as the LVIS (Hofton et al, 

2000), SLA-02 (the second flight of the Shuttle 

Laser Altimeter) (Carabajal et al, 1999) and 

GLAS (Brenner et al, 2003). It has also become 

the most popular method applied to 

small-footprint waveform systems (Reitberger et 

al, 2008; Wagner et al, 2006). Also, in order to 

store echo shape information and offer a 

parametric description, waveforms are popularly 

modeled by a mathematical function such as the 

Gaussian distribution. Pulse detection using 

Gaussian decomposition makes the assumption 

that each return is Gaussian in nature and that 
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the received waveforms are a sum of individual 

Gaussian distributions (Hofton et al, 2000). In 

addition, some researchers (Jutzi and Stilla, 

2006; Wagner et al, 2006) have claimed that the 

received waveform is a convolution of the 

system waveform (the transmitted waveform) 

and the cross section of the target, and that the 

scattering properties of targets can be described 

by a Gaussian function. When fitting Gaussian 

functions to received waveforms or the surface 

response estimated by a deconvolution process, 

Gaussian coefficients for each detected return 

can be estimated. These are the temporal 

position of the Gaussian peak, pulse width and 

amplitude. Typical surface features extracted 

from these parameters are range, roughness, and 

reflectance (Jutzi and Stilla, 2005). Therefore, 

the estimated parameters provide a direct 

physical interpretation (Wagner et al, 2006). 

Wagner et al (2006) adapted the radar equation 

for lidar application in order to convert the 

received power into backscatter cross-section σ . 

The σ is a measure of how much energy is 

scattered backwards towards the sensor. It has 

been suggested that backscatter cross-section 

should be considered to be a standard product in 

laser scanning (Wagner et al, 2008).  

Although several studies have 

demonstrated that waveform features derived 

from Gaussian coefficients were of great 

potential in different fields, little attention has 

been paid to assessing the reliability of Gaussian 

estimates. In some circumstance, the estimates 

may not be fully certain and complete. For 

example, At low amplitudes, the reliability for 

the estimate of pulse width can be problematic 

(Wagner et al, 2008). Mücke (2008) applied the 

weight concept, based on the relationship 

between the amplitude and pulse width. The 

distribution of the pulse width against amplitude 

was analyzed to assign the weight to individual 

points. Several studies (Doneus et al, 2008; 

Höfle et al, 2008; Wagner et al, 2008) have 

urged that carrying out detailed analysis of 

waveform estimates is of fundamental 

importance for waveform applications.  

The aim of this study is to assess the 

reliability of Gaussian estimates derived from 

waveform data. Whether the reliability of the 

estimates is affected by the complexity of the 

waveform shape was investigated. Waveform 

data collected from simulation experiment and a 

field campaign was analyzed. 

2. Methodology 

2.1 Gaussian decomposition 

Small-footprint Waveform data from each 

laser pulse can be modelled using Equ.(1). The 

principle of Gaussian decomposition is to fit 

Gaussian functions to waveforms in order to find 

individual returns (Gaussian components) and 

estimate the elapsed time between transmission 

of the signal and the return. It is assumed that 

waveform data is an amplitude-against-time 

dataset (i.e. amplitude on y axis and time on x 

axis). The position of the peak of each Gaussian 

component (xi) can be used to estimate elapsed 

time for each return. The Ai and widthi are 

derived waveform parameters that describe the 

shape of the pulse. Nlevel is an offset value of a 

signal from zero, which is usually regarded as 

the noise level of the waveform. 
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where  

Ai =  the amplitude of ith Gaussian    

xi  =  the ith Gaussian peak                     

Nlevel =  noise level of the waveform    

n =  the number of Gaussians    

widthi = pulse width of ith Gaussian= 2 *σi  

y = quantized amplitude values  

σi = the standard deviation of ith Gaussian      

x = sampled time values 

Fitting equations (e.g. Gaussian functions) 

to data is a typical process of mathematical 

modelling or curve fitting. The purpose may be 

to determine a theoretical model or to obtain 

calibration curves based on a mass of data 

(Daniel and Wood, 1980). The well-known 

least-squares method has been widely employed 

to fit equations to data. It finds a solution that 

minimises the sum of the squared deviations of 

the observations (
ky ) from values predicted 

(fitted) (
kŷ ) by the equation. That is to say, the 

goal is to find a minimum value for S (the 

summed square of residuals, Eqn.(2)) and derive 

the “best values” of the parameters of the 

Gaussian function, which is a nonlinear model. 

Therefore, nonlinear least-squares fitting is 
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required and an iterative optimization algorithm 

is used to search for the coefficients (i.e. Ai, xi, 

Nlevel and widthi ) that minimise S. The search 

process starts with initial parameter values, 

which are critical in solving for the correct 

parameters. When the rate at which S decreases 

from iteration to iteration is stable and is 

satisfactorily small, the best fit is found. 
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where S is the summed square of residuals; N is 

the number of data points; kŷ  is the kth fitted 

value; and yk is the kth measured value. 

Moreover, one of essential assumptions of 

the least-squares method to provide maximum 

likelihood is that the correct form of the 

equation has been chosen. Failure to choose the 

correct equation prevents convergence to the 

true values (Daniel and Wood, 1980). Since the 

return signals are varying (dependent on the 

complexity of illuminated targets), this causes 

difficulties in determining the number of 

Gaussian components within a waveform (i.e. n 

in Equ.(1)). It is evident that the number of 

Gaussian components is required to be estimated 

correctly prior to a fitting process. Alternatively, 

this estimation has to be undertaken in an 

optimization process to find the best equation for 

each received waveform. 

2.2 Simulation of complex waveform 

This research utilized data from a Riegl 

LMS-Q560 full-waveform laser scanner. The 

waveform stream was stored in the data recorder 

(DR560). For each timestamp the transmitted 

waveform, received waveform and scan angle 

were stored. The pulse length (FWHM) was 4 ns 

and the sampling rate for digitizing the 

waveform was 1 GHz (i.e. waveforms were 

sampled with 1 ns interval). In order to obtain a 

large dynamic range for recording signal 

magnitude, the low and the high receiver 

channels could each be used to record 

waveforms with an 8 bit quantization level. 

Sample digital number (DN) values from each 

channel ranged from 0 to 255 (i.e. 8 bit DN). 

The low channel is a sensitive channel; the high 

channel is less sensitive, but provides a larger 

dynamic range, which can accommodate strong 

amplitude samples. Once amplitude exceeds a 

threshold value which is set by the system, 

waveform data can be recorded by both channels. 

Waveforms from the both channels are 

composed of Gaussian-like distributions. 

The waveform is constructed as an 

amplitude-against-time dataset. The shape of the 

transmitted waveforms is a Gaussian-like 

distribution (Wagner et al, 2006), as shown in 

Figure 1(a). The received waveform is the record 

of the returned energy from each laser pulse. 

The simplest cases of received waveforms are 

also composed of Gaussian-like distributions. 

For example, Figure 1(b) shows the received 

waveform with two returns which are both 

similar to the shape of the transmitted pulse. 

Waveforms with weak pulses also exist (e.g. 

Figure 1(c)), as do more difficult cases where 

waveforms have complex shapes that are 

different in form to the transmitted pulse (see 

Figure 2). Inspection of different examples of 

typical received waveforms reveals a number of 

challenges to waveform analysis, including 

determining how many individual targets are 

hidden within a complex waveform; where the 

corresponding point for range estimation to 

individual targets is located; and whether or not 

weak pulses are real targets or noise. 

 

Figure 1. Examples of (a) transmitted waveform, 

(b) received waveform with nearly 

perfect peaks, and (c) received 

waveform with weak return pulses. 
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Figure 2. Examples of received waveforms with complex shapes. 

In order to understand the formation of 

complex waveforms based on the assumption of 

Gaussian decomposition, signals were simulated 

by varying the separation distance between 

successive returns (Gaussian components) and 

their amplitude magnitude. In addition, since a 

signal is always affected to a certain extent by 

noise, the noise level of real received waveforms 

were observed and added into the simulation. 

A received signal is assumed to be a sum of 

individual Gaussian distributions. Once the 

number of Gaussian distributions (i.e. the 

number of returns) is decided, the fitted function 

will be determined. Nlevel was specified as a DN 

value of 2, which is equivalent to the Direct 

Current (DC) offset value of the test waveform 

systems. DC offset is the variation of a signal 

from zero. The coefficients of each Gaussian 

distribution were assigned based on the desired 

Gaussian peak positions (i.e. received amplitude 

and arrival time) and Gaussian pulse widths. The 

arrival time of each return was set based on the 

test separation distance. The pulse width of each 

Gaussian distribution was the mean pulse width 

of 12,000 recorded transmitted pulses (i.e. 2.6 

ns). An amplitude-against-time dataset was then 

generated with a 1 ns sampling interval, which is 

the sampling rate of the Riegl LMS-Q560 

system. Furthermore, additional noise was added 

into the y samples. The noise values were 

generated from a random distribution with a 

specific mean and variance. Here, random 

numbers with a mean of 1.0 that were distributed 

with a variance of 0.81 (i.e. standard deviation 

was 0.9) were applied based on the observations 

of recorded received waveforms. The values of 

1.0 and 0.9 were the mean and standard 

deviation respectively of 1,000 recorded 

waveforms where no visible peaks were present. 

2.3 Target design for complex waveform 

In order to justify the assumptions of the 

Gaussian decomposition, an experiment was 

conducted in a grass field during data capture 

(nominal footprint size is 0.18 m; mean point 

density is 15 pts/m
2
; average flying altitude is 

375 m). Several targets were designed and set in 

the field to observe how the shape of waveforms 

varies with the separation distance between two 

returns and their amplitude magnitude. The 

Gaussian decomposition method was then 

employed to carry out pulse detection from the 

observed waveforms. 

Since data capture from lidar systems are 

indiscriminate, it is impossible to point a laser at 

a specific object. Therefore, in order to increase 

the possibility of acquiring multiple-return 

waveforms, different sizes of target were set in a 

grass field. Firstly, in order to observe 

waveforms with two returns at a separation of 

greater than the pulse length of the Riegl 

LMS-Q560 system, three circular lidar targets 

(with 1 m diameter), designed in accordance 

with specifications presented by Csanyi and Toth 

(2007), were levelled and elevated above the 

ground on standard survey tripods. As shown in 

Figure 3, the targets were set at heights of 0.6 m, 

1.0 m and 1.6 m and positioned in a partially 

overlapping manner in order to acquire 

waveforms with multiple returns. Secondly, in 

order to capture waveforms with two returns at a 

separation of close to or less than the pulse 

length, two arrays of foam blocks with heights 

of 0.3 m and 0.6 m respectively, and a consistent 

width and length of 0.05 m, were adhered to two 

white boards (63.5 × 88.5 cm). The boards were 

then elevated 0.24 m (0.3 m foam blocks) and 

0.15 m (0.6 m foam blocks) above the ground 
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(see Figure 4). Finally, to observe waveforms 

with two returns at a separation of much less 

than the pulse length, a 0.28 m height green box 

was set as shown in Figure 5. 

 

Figure 3. Three lidar targets set at different heights above the ground: 0.6 m, 1.0 m, and 1.6 m. 

 

Figure 4. Foam arrays of 0.6 m (left) and 0.3 m (right) in height. 

 

Figure 5. Green box, 0.28 m in height. 
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3. Results and Discussion 

3.1 Simulation results 

Simulation of received waveforms from 

two returns was performed with different values 

for separation and amplitude. According to 

Wagner et al. (2006), when the separation is 

comparable to or smaller than the resolution of 

the lidar system (i.e. one pulse length: 4 ns at 

FWHM for the Riegl LMS-Q560 system), the 

waveform becomes a scattering cluster. Here, 

waveforms with close to 4 ns separation (i.e. 3, 4 

and 5 ns) were simulated, and waveforms with 

10 ns separation were also simulated for 

comparison purposes, as is illustrated in Figure 6. 

In addition, different amplitudes were tested for 

the two returns to observe the influence on the 

shape of the waveform. Figure 6(a) illustrates 

the waveforms of the two targets with DN values 

of 50 and 50; Figure 6(b) illustrates the targets 

with DNs of 50 and 30; and Figure 6(c) 

illustrates the waveforms with DNs of 50 and 15 

respectively. 

 

Figure 6. Simulation of received waveforms from two returns with different amplitudes (a): 50, 50 DN 

(b): 50, 30 DN (c): 50, 15 DN at separations of 10ns, 5ns, 4ns and 3 ns respectively. 
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It is evident, and indeed intuitive, that with 

the decreasing separation distance, the two 

returns become increasingly merged together. At 

a separation of 10 ns, two visible peaks were 

found by human interpretation in the simulated 

waveforms with all amplitude combinations 

tested. At a separation of 5 ns, except for the 

waveform with 50 and 15 DN, two visible peaks 

were found in waveforms with the other two 

amplitude combinations (i.e. 50 and 50; 50 and 

30). The exception (50 and 15 DN, with 5 ns 

separation) appeared as an asymmetric 

waveform instead. At the separation of 4 ns, the 

highest ratio of two amplitudes in a waveform 

(i.e. the combination of 50 and 50 DN) produced 

two barely visible peaks. However, the other two 

combinations displayed asymmetric waveforms 

with only one visible peak. Finally, at the 

separation of 3 ns, only one visible peak, which 

was entirely similar to a standard Gaussian 

distribution, appeared in the waveforms 

resulting from any amplitude combinations. 

Sample waveforms containing three returns 

of differing amplitude were then simulated in 

terms of different separations (3, 4, 5 and 10 ns). 

Figure 7(a) illustrates the waveforms with the 

amplitude combination of 50, 30 and 15 DN 

(first, second and last return). Figure 7(b) 

illustrates the waveforms with the amplitude 

combination of 30, 50 and 15 DN (first, second 

and last return). At the separation of 10 ns, three 

visible peaks were found for both simulated 

waveforms. At a separation of 5 ns and 4 ns, one 

main peak was found and the shape varied with 

different amplitude combinations. Finally, at a 

separation of 3 ns, the three returns merged 

together and became a cluster, which is similar 

to a Gaussian distribution. In addition, such a 

cluster consisting of three returns appears 

broader than that consisting of two returns. 

 

Figure 7. Simulation of received waveforms from three returns with different amplitudes (a): 50, 30, 

15 DN (b): 30, 50, 15 DN at the separation of 10 ns, 5 ns, 4 ns and 3 ns respectively. 
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Based on the simulation results, the shape 

of the waveform has been proven to be variable 

and dependent on the separation distance 

between successive returns, individual amplitude 

and the number of returns in a waveform. The 

more targets illuminated with a separation 

approaching 4 ns, the more complex the shape 

displayed by the waveform. The shorter the 

separation (≤ 3 ns) between successive returns, 

the more likely it is that a cluster with a 

Gaussian-like shape will emerge. That is to say, 

a broad, Gaussian-like waveform could be 

produced by several targets with extremely small 

separations (≤ 3 ns). 

It is evident that if a standard detection 

method, for example peak detection, were 

applied to detect returns in an asymmetric or 

complex waveform, which is likely to occur as 

target separation tends to 4 ns, only one return 

would be detected. In addition, detection may 

fail in those waveforms that contain barely 

visible peaks, for example, the waveform with 

4 ns separation in Figure 6(a) and that with 5 ns 

separation in Figure 6(b). As a consequence, 

range resolution would be limited and range 

estimation may be in error. Moreover, even if 

Gaussian decomposition was employed with 

initial parameters estimated by the peak 

detection approach, the same difficulty (i.e. 

failure to estimate the correct number of returns 

in an asymmetric waveform) could still remain. 

Therefore, in order to achieve optimal range 

resolution and range accuracy, it is necessary to 

estimate correct initial values for the number of 

returns or to estimate the “best number” of 

returns in an asymmetric waveform through an 

optimization procedure. 

 

 

3.2 Reliability of Gaussian estimates 

derived from simulation 

Prior to the application of Gaussian 

estimates, it is necessary to assess the reliability. 

Wagner et al. (2006) pointed out that the 

estimates from weak pulses are unreliable when 

Gaussian decomposition is applied. Such a 

conclusion is based on the observation of the 

waveforms without complex shapes. It is of 

interest to investigate whether the reliability of 

the pulse width estimated is affected by the 

complexity of the waveform shape. Since 

overlapping pulses can result in complex 

waveforms, the pulse width estimates from those 

with the varying separations between successive 

returns are investigated. 

Waveforms with two returns at separation 

distances of 10, 8, 7, 6, 5 and 4 ns were 

investigated, which were close to the pulse 

length of the Riegl LMS-Q560 system. Two 

return amplitudes of 50 and 50 DN and a 

Gaussian width of 2.6 ns were specified to 

simulate waveforms. For each separation 

distance investigated, 300 simulations were 

performed. Then, the Gaussian decomposition 

method was employed to fit the waveforms and 

estimate individual pulse widths for the two 

returns. The separation between them can also 

be derived based on the temporal position of two 

Gaussian peaks. With known pulse widths (2.6 

ns) and separations (10, 8, 7, 6, 5 and 4 ns), the 

RMSE of the pulse width and separation 

estimated can be computed to assess the 

reliability of the estimates. As shown in Figure 8, 

when separation distance decreases, the RMSE 

for the pulse width increases. However, the 

separation estimates obtain consistent RMSE 

values (~0.04ns). 

 

Figure 8. RMSE of the pulse width and separation estimated from the simulated waveforms with 

varying separation distances (10, 8, 7, 6, 5 and 4 ns). 
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To further investigate whether the estimates 

between different groups reached the same level 

of accuracy in a statistical context, the Analysis 

of Variance (ANOVA) based on the error of 

individual estimates was carried out. The 

ANOVA developed by Sir Ronald Fisher (1970) 

is the principal statistical method for the analysis 

of data. It measures two sources of variation in 

the data, including variation between groups and 

variation within groups, and compares their 

relative sizes. A significance level of 0.05 was 

applied. If p-value < 0.05, the groups were 

significantly different. Here, each “group” 

represented 600 error values of the pulse width 

estimates or 300 error values of the separation 

estimates. Table 1 presents the p-value for each 

paired groups based on the error of the pulse 

width. The p-value between the 10, 8, 7 and 6 ns 

groups are > 0.05, thus, it can be concluded that 

the same accuracy is achieved within these 

groups. In addition, this indicates that caution 

must be applied when using the pulse width 

estimated from overlapping pulses with a 

separation distance of < 6 ns.  Moreover, Table 

2 presents the p-value for each paired groups 

based on the error of the estimated separation. 

All of the p-values are found > 0.05, which 

indicates that the accuracy of the estimated 

separation (i.e. range estimation) is not affected 

by decreasing separation. Additionally, this 

implies that the range estimation from 

overlapping pulses is reliable, thus providing 

precise geometric information. 

3.3 Waveforms of targets designed 

Examples of the waveforms that were 

found with two returns from the three lidar 

targets are illustrated in Figure 9. It is evident 

that with decreasing target separation, the two 

visible peaks gradually merge together. When 

the height difference reaches ~ 0.6 m, which 

equates to 4 ns separation and the pulse length of 

the scanner system employed, an asymmetric 

shape is present. Furthermore, Figure 10 to 

Figure 14 present the recorded waveforms from 

the experimental targets (i.e. foam arrays and 

green box). When a laser pulse hits the foam and 

then the ground, with a separation of 0.75 m, 

two peaks (dependent on the amplitude 

magnitude) are visible or barely visible (see 

Figure 10). When a laser pulse hits the foam and 

then the table, with a separation of 0.6 m, only 

one main peak can be discriminated (see Figure 

11). In addition, the shape is variable and 

asymmetric. However, for those with 0.30 m and 

0.28 m separations, the shape is symmetric and 

entirely similar to a standard Gaussian 

distribution (see Figure 12 and Figure 13). It is 

encouraging that the test results overwhelmingly 

agree with those of the simulations presented. 

Essentially, this proves that Gaussian 

decomposition should be adequate for 

small-footprint waveform processing. 

Table 1. P-value for difference (P <0.05) 

between the pulse width error by 

separation distance 

Group 10ns 8ns 7ns 6ns 5ns 

8 ns 1.000     

7 ns 0.995 0.994    

6 ns 0.062 0.060 0.212   

5 ns 0.000 0.000 0.000 0.000  

4 ns 0.000 0.000 0.000 0.000 0.000 

Table 2. P-value for difference (P <0.05) 

between the estimated separation 

error by separation distance 

Group 10ns 8ns 7ns 6ns 5ns 

8 ns 1.000     

7 ns 0.999 1.000    

6 ns 0.761 0.804 0.892   

5 ns 0.115 0.139 0.206 0.842  

4 ns 0.310 0.354 0.469 0.979 0.997 

 

Figure 9. Received waveforms from the lidar 

targets set up as shown in Figure 3, 

with heights of 1.6 m, 1.0 m, and 0.6 m 
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Figure 10. Examined waveforms: a laser pulse hitting the foam test object and then the ground, with 

0.75 m separation distance. 

 

Figure 11. Examined waveforms: a laser pulse hitting the foam test object and then the table, with 0.60 

m separation distance. 

 

Figure 12. Examined waveforms: a laser shot hitting the foam test object and then the table, with 0.30 

m separation distance. 

 

Figure 13. Examined waveforms: a laser shot hitting the top of the green box and then the ground, 

with 0.28 m separation distance. 



Yu-Ching Lin, Jon P. Mills, Chun-Lin Lin：Reliability Assessment of Gaussian Estimates Derived         103 
from Small-footprint Waveform Lidar 

 

3.4 Reliability of Gaussian estimates of 

designed targets 

The Gaussian decomposition method was 

applied to the waveforms. R-square and RMSE 

values can be used to check the quality of the 

fitting results. R-square is known as the 

coefficient of determination, which evaluates 

how well the fit approximates the real data 

points, or how successful it is in explaining the 

variation of the data. It can be treated as a 

relative measure of fit, with a value close to 1.0 

indicating a good fit. The RMSE is an absolute 

statistic that measures how close the observed 

data points are to the predicted values based on 

the fitted model. A value close to 0 indicates a 

good fit. Table 3 presents the results of the target 

waveforms, including the error of height 

estimates, the extracted waveform parameters 

(amplitude and width), and the statistics 

(R-square and RMSE) that measure the quality 

of the fit. It is evident that the majority of 

R-square values are greater than 0.99, which 

indicates good relative fits. However, the RMSE 

values are only close to zero at the small 

amplitudes. This result is similar to that 

demonstrated by Wagner et al. (2006). They 

observed that the RMSE increased slightly from 

low to high amplitudes, and stated that this was 

a consequence of the signal noise in the data at 

small amplitudes and a real system waveform 

with slight deviation from an ideal Gaussian 

pulse at high amplitude. Although the absolute 

error of the heights estimated are between 0.00 

and 0.11 m, it is necessary to further assess the 

height estimates in a statistical manner, on the 

basis of more samples (e.g. > 30). In addition, at 

the target height of ≤ 0.30 m, only one return is 

detected in the waveforms, and this is entirely 

similar to a standard Gaussian. Nevertheless, 

such waveforms seem have broader widths than 

those with two visible peaks, (i.e. target height: 

1.0 and 1.6 m). The widths estimated from a 

target height of 0.30 m are broader than those 

from a target height of 0.28 m. 

Table 3. Gauss-Fitting of the target waveforms 

Target 

height (m) 

Height Error  

(m) 

Amplitude 

(DN) 

Width 

(ns) 

Fitting 

R-square RMSE (DN) 

1.60 0.00 20.67; 44.19 2.17; 2.63 0.997 0.414 

1.00 0.01 41.05; 25.71 2.39; 2.68 0.996 0.530 

0.60 0.05 25.36; 10.14 2.76; 2.02 0.991 0.484 

0.75 0.05 161.45; 114.15 2.41; 2.89 0.997 2.096 

0.75 0.01 110.62; 151.60 2.35; 2.74 0.997 1.925 

0.75 -0.01 68.42; 116.24 2.40; 2.75 0.998 1.250 

0.60 -0.07 74.89; 124.58 2.01; 3.55 0.996 2.052 

0.60 0.01 79.20; 184.77 2.20; 3.21 0.998 2.093 

0.60 -0.03 34.54; 123.75 2.02; 3.34 0.997 1.488 

0.60 -0.11 128.55; 110.01 2.33; 3.63 0.998 1.664 

0.60 0.01 68.37; 161.90 2.18; 3.26 0.997 2.068 

0.60 -0.02 132.11; 102.01 2.37; 3.27 0.998 1.596 

0.30 - 209.90 3.27 0.997 2.410 

0.30 - 200.38 3.21 0.998 1.987 

0.30 - 192.99 3.25 0.995 2.567 

0.30 - 199.99 3.29 0.996 2.606 

0.28 - 114.38 2.73 0.996 1.322 

0.28 - 90.76 2.80 0.998 0.753 

0.28 - 108.38 2.69 0.997 1.036 

0.28 - 114.14 2.69 0.996 1.269 
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4. Conclusion 

This study investigated the reliability of 

Gaussian estimates from waveforms with 

overlapping pulses at separation distances of 

close to the pulse length of the Riegl LMS-Q560 

system. It was found that the RMSE values for 

the pulse width estimates were increasingly large 

when the separation distance was decreased (< 6 

ns). The RMSE values for the range estimates 

remained consistently small (~ 0.04 ns) when 

decreasing the separation distance. This 

indicates that there is no practicable way to 

ascertain to what extent the pulse width of 

overlapping pulses, with a separation distance of 

< 6 ns, has been contributed to by individual 

returns. Although those from a separation 

distance of < 6 ns may not provide reliable pulse 

width estimates, the range can be reliably 

estimated. Overall, it is suggested that caution 

must be exercised in the estimation of pulse 

widths resulting from weak, extremely strong 

pulses, and overlapping pulses with a small 

successive separation. 

When subsequently exploiting these 

estimated parameters for potential applications, 

it is recommended that such precision measures 

(i.e. RMSE) are taken into account. This 

precision measure may provide an additional 

indicator when handling multiple waveform 

features or multisource classification problem. 

For example, the choice of weighting each 

feature will reflect the knowledge of the 

reliability and result in objective applications. 
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空載波形光達資料之高斯估值可靠度評估 

林玉菁 1*  Jon P. Mills
 2  林俊霖 3 

摘  要 

目前在處理大足跡或小足跡波形光達資料，高斯分解回波技術扮演相當重要之角色，當以高斯函數

擬合所接收之回波或地表反應，可獲算得各回波之高斯係數，主要包含對應為回波時間點之高斯波峰值、

回波寬度與回波振幅值，這些屬性隱含雷射掃描目標物之特徵。然而在某些情況下，所估算得的參數具

不確定性，目前僅少數研究評估高斯估算值之可靠度或不確定性，在應用波形高斯估值時，實必須考量

此不確定性之指標值。本文主在研究此議題，調查波形複雜度對高斯估值可靠度之影響，測試資料為包

含模擬波形資料與 Riegl LMS-Q560 真實波形資料，另掃描當天設置所設計之目標物於野外現地，觀察

波形形狀隨多重回波間之距離與振幅大小之影響。模擬資料發現高斯波寬估值之均分根誤差會隨著多重

回波間之距離縮短（<6ns）而增加，回波時間距離之均方根誤差則可維持一致之精度（0.04ns）。 

關鍵詞：波形、光達、高斯分解 


